Special Relaﬁvity This is a summary. Not many proofs are provided

| assume you have studied Special Relativity

Here | follow D. Griffiths “Introduction to Elementary Particles”
Postulates of special relativity

1. The laws of physics apply to any inertial reference frame. An
inertial reference frame is one on which Newton’s 15 law
applies.

2. The speed of light, c = 2.99793 x 108 m/s is independent of
the choice of inertial frame.

Imagine 2 frames S & S/, with S" moving with velocity v with
respect to S. We choose the coordinate system thus:

1 +y t=t =0
U
—>
S X Sl ) . /
S 5 X r=2x
Z 74
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Lorentz Transformations

Given an event at (x, y, z, t) as seen from S, the observations
from S’ are given using Lorentz transformations’:

r' = vy(x — vt)

y, p— y Z/ = Z

t' =~(t—v/c*x)
where: |

7:\/1—1)2/62 B=uv/c

The inverse transformation is a simple change of sign
r = vy(z' + vt
y=y z=7

t =~ +v/c?x))
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Some consequences

1. Relativity of simultaneity. If two events happen simultaneously in

S, but at different locations, they %re not simultaneous in S’:

ty — th = 76—2(% — Tp)

2. Lorentz contraction. Assume a bar at restin S’, so that one end is
at x'=0 and the other end at x’=L. The length as measured in Sis L/~
Only along x/x’.

3. Time dilation. Assume a time difference between events at
x'=y’=2"=0 measured in S’. For simplicity t’;=0 and t’,=T and (or
AT’=T). The time difference measured at S is Y1’

Example. The muon lifetime is t, = 2.2 x 10®s. Muons are at produced

an altitude of ~10 km, due to cosmic ray interactions with the

atmosphere. Naively, the muon travels a maximum ct, = 660 m.

However, a 2 GeV muon (mM =106 MeV) has y =19, so we expect it to

travel ycT, =12.5 km and live y7,, = 4.2x10” s in Earth’s reference

frame. Question: explain how Lorentz contraction is observed in this

example.
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Some consequences

4. Velocity addition. Assume a particle moving along x” with
speed u’ with respect to S’. What is the speed with respect to
S? It travels a distance Az = v,(Az" + vA}) inatime

At = v, (At +v/c*Az’). So the velocity is:

Ax Ax" +vAt Ax' /At + v

At At +v/2Ag 1 + v/ Ax' | At

or:
v+
14 vu/c?

u

Note that | label, the Lorentz boost factor. Now Vv, 7« and
Yu’ are possible

Velocity does not transform using Lorentz ...

This is only for the particle moving along x’'.
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4-vectors

It’s convenient to describe space time as a 4-vector (g, -1, T2, T3)
where ct = x

A change of inertial frame can be described like this z*' = A*x"”
Here A is a Lorentz transformation and there’s an implicit
summation over repeated indices. Example boost along x:

v =By 8 8'
A= g/y g 1 0
0 0 0 1]
The Lorentz transformations form a group, SO(3,1), that leave

the norm of a 4-vector invariant:

2 2 2 2 12 /12 /2 /2
xo—xl—xQ—x3—aﬁo — Xy — To —563

This invariance follows from the constancy of c in all inertial
frames
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4-vectors

Indices are raised and lowered, using the metric

z” = gl/,uﬂju Ly = gy,ux,u
Where the metricis _ _
1 O 0 0
10 =1 0 0
9710 0o -1 0
0 O 0 -1

Which allows for a co_mpact notation for the square of the norm

rVx, = T3 — 5 — T3 — T3

And the dot product of two 4-vectors a”b, =a-b

If ... a’a, >0 a is “time-like”
a“a, =0 a is “light-like”
a’a, <0 a is “space-like”
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Light cone 270
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The difference between events A & B is light-light. They are causally connected by c.

The difference between events A & C is time-light. There is a reference frame in which
the difference between A & Cis only in time. They can be causally related.

The difference between events A & D is space-light. These events cannot be connected
causally. There is a reference frame for which A & D are simultaneous.
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Energy and Momentum

Velocity does not transform following a Lorentz transformation.
However 1 = (¢, Vg, vy,v.) isa 4-vector with 1,n" = ¢

We can define the 4-momentum as p = mn, where:

wo__ 2 2
pup = m cC

The components of the 4-momentum are interpreted as:
p = (yme, ymu,, ymu,, ymuv,) = (E/c, p)
From which it follows: mc = \/E2/c2 — |p]?
Note that for p = 0, the rest energy is E,.st = mc
The kinetic energy is defined as:
T =FE —mc* = (v — 1)mc?

For a massless particle £ = |p]/c, which implies that the 4-
vector is light-like (very satisfyingly light is light-like).

2
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Energy and Momentum

Example. Muons are at produced an altitude of ~10 km, due to
cosmic ray interactions with the atmosphere. A 2 GeV muon (m
=106 MeV) v = E/muc2 = 19. Typical muon energy at the
ground is a few GeV.

w

Energy and momentum conservation can be summarized as 4-
momentum conservation. Specifically, “The total 4-momentum
of an isolated system is constant”.
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Target and C.M. frames

A common reference frames is the target frame
A+B—-C+ D+ ....
where B is at rest. In this case the invariant mass is:

We2 = /(Ba + Mp@)2 — Clpal® = \/2BaMpc? + M3ct + Me?

Which in the limit E, >> M,c2, M2 is  We? = /2E4Mpc?

Another common frame is the Center of Mass frame with
pa+pp =0

and thus Wc? =E, + E
(This is why particle physicist build colliders)
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Two body decay

A particle of mass M decays into two daughter particles of
masses m, and m,. Note that M > m; + mg . It's easiest to look

at the decay in the rest frame of the mother particle.

(E17 Cﬁl)

(E27 Cﬁ2)

4-momentum conservation: M02 — El + E2 0= ﬁl + ﬁZ

: . 2 2
Norm-invariance mlc E1 + |p1]“c

m3ct = B3 + |pa]°c?
From which it follows:

clpi| = \/E% —mict c|po| = \/E§ — mac*
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Two body decay

clpi| = \/E% — mict = c|ps| = \/(M02 — F1)2 —m3ct

g o MiAmi—ms 5 p o MEdms —mi
2M 2M

Example: The main decay mode (B=99.98%) of the charged pion
is: T — /fryu

The masses are m+= 140 MeV, M, =106 MeV, m, ~ 0. Then, in
the rest frame of the pion, the energies of the muon and

neutrino are:
Eu =110 MeV (v~ 1.038) FE,=29.9 MeV

Example: The main decay mode (B=98.8%) of the neutral pion

is:  mo — 7¥7. The mass of the neutral pionis mM;0 =136 MeV.
From which it follows E, = m,0/2 = 68 MeV.
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Two -> Two body collision

En, cp Es, cp
Let’s work in the center of mass (B, cpL) (£, cp3)
rest frame, i.e.
p1+ P2 =0 = p3 + Py (B2, cp2) (Ey, cpy)

Now:
(E17 Cﬁl) =+ (E27 CﬁQ) — (El + E27 0707 O)

In this frame we define the invariant mass of the system as

WC2 — E1 -+ E2
Note that more generally

We= \/(pl + p2)H(p1 + p2),
W is a Lorentz invariant.

It’s easy to generalize the concept to more than 2 particles. And
note that W can be calculated in terms of particles 1 & 2 or3 & 4
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Two -> Two body collision

4-momentum conservation

Wce*=E+Ey=E3+E; p1+pe=0 p3+py=0

4-momentum norm invariance for each particle:

m;ct = B +|pi|*¢® i=1,2,3,4

From which it follows:
c|p1| = \/E% —mict c|pa| = \/Eg — m3c*

c|lpr| = \/E% — mic* = ¢|po| = \/(W(32 — F1)2 — mact
(and similar for particles 3 & 4). Then:
gy o Wokmi—ms o, WEdms —mi
2W 2W
B, — W2+m§—m362 B, — W2+mi—m§02
2W 2W

Hey! This looks familiar!
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Extragalactic Background Light attenuation

The Universe is filled with IR photons (say 1 eV) due to starlight.
For photons of energy high enough it’s possible to create et*e

pairs thus:
YHE + ViR e e

Above which energy are high energy photons attenuated?

The minimum energy of production is such that in the C.M.
frame, the e*e pair is at rest. It follows that W = 2m,

Now assuming head on collision of the 2 photons:

(Eyg + Err)? — (Exg — Ejr)? = 4EypErgr = Wc?

Which means that attenuation happens for:

W2ct mict
Electron mass: 511 keV Eyeg > = —°— = 260GeV (2.6 x 10 eV)
ikrr  Eir
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Extragalactic Background Light
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J. Primack et al. arXiv 1107.2566
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Reaction Thresholds

Assume a beam A and a target B

A4+B—=14+2+3+ ..
What is the energy threshold, so that the reaction can take
place?

The invariant masses have to be the same.i.e. W,; =W,;
The minimum value for W,,; ism;+m, + m; +
Wig" = Zmz
For B at rest (target)
(Ba+mpe®)® —|pal?c? = () _my)c!
which implies:

Emin _ (Zz MZ)2 T m124 o m2B 02
A 2mB
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The GZK cutoff

The Universe is filled with a background of 2.6x10* eV photons
(i.e. the 3 K CMB). Cosmic rays have been observed up to ~10%°
eV (almost 10 J!)

The following reaction

n+nat

p+m

is possible when the invariant mass of the proton and CMB
exceeds the pion production threshold (not the same as the

delta resonance). At the threshold (head on), the invariant mass
IS:

p+yomuB — AT —

(mWo T mp)2(34 =W?c* = |(Epa cp, 0, O) T (E% —E.,0, O)‘Q

Developing this and using: Eg — Pp? = mf?c4

(Mg, +my)2ct — m§c4 =2E,E, + 2cpE,
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The GZK cutoff

Approximating  cp = E,

Mpo + 2Mzomy, 4
C

J—
P AE.,

This yields 3.6 x 10%° eV. It’s customary to use the tail of the CMB

distribution. 5x higher energy photons yields a threshold of
5 x 101 eV. (If you use peak CMB energy and delta resonance you get

~6 x 10%° eV - math check needed.)

log (E/eV)
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The observed cutoff may or
may not be due to GZK.
More later ...
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Universe opacity to high energy particles
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Whether Bethe-Heitler
has been seen in the C.R.
spectrum is contentious.

15 More later ...
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Three body decay (Mc2,0,0,0)

Clearly for 3-body decays, the output
4-momenta are not uniquely set.

We can instead study the interesting ranges (Es, cfis)

Trivially, in the mother’s rest frame, the minimum energy for
particle i is m.c?. And the other two particles follow a 2-body
decay from a mother of (M-m,) mass.

Maximum energy? Note that in the two body decay the energy
of particle 1 is the largest
- M? + m% B m% 2

El— N C

when m, is smallest.
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Three body decay

We now represent the three body decay as M — 1 + (23)
with (23) having a “mass” (invariant mass actually) of W...

Then the energy of 1 is largest when W, is smallest. W, is

smallest for 2 & 3 having the same velocity vector — no relative
kinetic energy —and W,; =m, + m;

M? 4+ m? — (mq +mo)?
Einax — 1 2]\(4 1 2) 02 And similar for 2 & 3
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Proof

In general: Wisc* = (Ey + E3)? — ¢ |py + p3)°
Also: E =~mc® p=~ymv

If both particles have the same velocity:

2)2

Wisct = (ymac® + ymac®)? — ¢ |yma¥ + ymsv)?

2 2’?7’2

Wic* = 4% (ma +ms)?c* — 4% (ma + m3)3c

Wasc® = % (ma + m3)?c*(c* — |U])

Wisc* = (mg +mg)*c’ (Q.E.D.)
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